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Technical Comment
Comment on "The Principal Minor

Test for Semidefinite Matrices"
John L. Tietze*

Boeing Computer Services, Bellevue, Washington

P RUSSING1 points out the dangers of trying to use
the principal minor test for positive definite matrices as a

test for a positive semidefinite matrix. Kerr2 agrees, but
feels that modifying the principal minor test to suit the new
task is too expensive computationally. He recommends using
the singular value decomposition (SVD) of the matrix as a
more efficient and more stable technique to evaluate
definiteness. A Choleski factorization, although computa-
tionally faster, is rejected because it is not stable for a semidef-
inite matrix. As an indicator of computational speed, the flop
count for a Choleski factorization is given3 as «3/6, whereas
the flop count for an SVD is given as 2w3/3.

This Comiiient suggests a different concept for this test,
namely, the inertia of a matrix. The computational burden is
similar to that of a Choleski factorization and software to per-
form this calculation is available in LINPACK.4

The inertia of a symmetric matrix is defined as the number
triple (ir9p,£]9 where ir is the number of positive eigenvalues, p
is the number of negative eigenvalues, and f is the number of
zero eigenvalues. For an «th-order matrix, the statement that
it is positive definite is equivalent to the statement that its iner-
tia is {n,0,0]. Similarly, a positive semidefinite matrix would
have an inertia of {m,Q,p}, m+p = n. The flop count for the
matrix inertia calculation is «3/6, nearly four times faster than
the equivalent SVD. Although the matrix inertia calculation
does not indicate the magnitude of the matrix eigenvalues, it
can be used to discover eigenvalue bounds (see "Slicing the
Spectrum" in Ref. 5 for a lucid commentary).

In summary, using LINPACK software to calculate the in-
ertia of a matrix is a computationally efficient way to check
whether the matrix is positive definite, positive semidefinite,
or indefinite. The SVD is more suitable if information on why
the matrix is not positive definite is required.
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I welcome Tietze's interest in this problem and his
intriguing suggestion to use an existing LINPACK soft-

ware implementation of an algorithm that will reveal the
"definiteness" or "semidefiniteness" of a candidate symmet-
ric matrix based on computing its inertia. However, the com-
putational burden of this new approach is identical to that of a
version of singular value decomposition (SVD) that is specially
tailored to exploit the symmetry of the matrices under test, as
discussed further.

In my prior Engineering Note,2 I agreed with the observa-
tions of Ref. 1 regarding the dangers of trying to reveal posi-
tive semidefiniteness of a matrix through the use of the
popular slight variation of the standard "principal minor
test." In Ref. 2, I also emphasized the theoretically correct
version of this same test for cheeking positive semidefinite ma-
trices. However, reservations were expressed that even this
correctly modified version is both too numerically ill-behaved
and too expensive to be a practical and useful test for the ma-
trices of higher dimensions that are typically encountered out-
side the class room, and so a tractable computational test
based on SVD was recommended. I have, subsequently,
learned that it was at least as early as 1974 in Ref. 4 that SVD
was first observed to be "the only reliable method for estab-
lishing the rank of a matrix,"

Use of the Choleski factorization as the basis of a practical
computational test was rejected in Ref. 2 because it is not nu-
merically stable enough to serve as a valid test for semidefinite
matrices. An example of its failure in the role of a test was
cited from Ref. 3, p. 90, example 5.2-2, despite the matrix
under test even being positive definite.

It is agreed that the operations count for a Choleski fac-
torization is ns/6, whereas that of a general SVD is 2n3/3.
However, there is an SVD refinement known as Aasen's
method (Ref. 3, pp. 101-106) that takes advantage of the sym-
metry of the matrices being examined and has an associated
"flop" count of only ns/69 no more than that of the proposed
technique based on determining a matrix's inertia. However,
as Tietze observed, determining the inertia of a matrix does
not reveal the magnitude of the underlying eigenvalues,
whereas Aasen's method does so at no additional computa-
tional expense or delay.
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